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Abstract Surface eﬀect, which is attributed to the diﬀerent environment surrounding the surface
or near-surface atoms from that embracing the bulk atoms, may become signiﬁcant when the
surface-to-volume ratio of a body is large. This paper considers the eﬀect of a plane boundary of a
piezoelectric body modeled as a thin layer with speciﬁed material properties, for which a transfer
relation between the state vectors at the top and bottom surfaces is derived based on the state-space
formulations. The equations of surface piezoelectricity for diﬀerent orders without any bias ﬁeld are
then presented by making use of the power series expression of the transfer matrix. The surface
eﬀect is demonstrated by considering the Bleustein-Gulyaev wave existing in a horizontally polarized
piezoceramic half-space. c© 2011 The Chinese Society of Theoretical and Applied Mechanics.
[doi:10.1063/2.1104101]
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In a material body, the surface or near-surface
atoms are usually subjected to diﬀerent environmen-
tal constraints from their bulk counterparts. In a
usual macro-sized structure there is no need to consider
such diﬀerences. However, when the aspect surface-to-
volume ratio increases, e.g. in a nano-sized structure,
the surface may play an important role in determining
the mechanical behavior of the structure.1,2
The surface/interface eﬀects have already been no-
ticed and studied for more than one hundred years since
Gibbs’ pioneering contribution. A massive body of lit-
eratures can be found on the subject. A rigorous non-
linear elasticity theory of a deformable material surface
has been suggested within the framework of continuum
mechanics by Gurtin and Murdoch.3 This theory (called
GM theory hereafter) shows that the material surface
is governed by a set of two-dimensional (2D) diﬀeren-
tial equations, which are diﬀerent in form from the con-
ventional boundary conditions in the classical elasticity.
Various wave propagation problems have been investi-
gated, including the reﬂection of plane harmonic waves
by the free surface of an elastic half-space with mate-
rial boundary and the Love and Rayleigh waves along
the material boundary of a half-space.4–6 These stud-
ies reveal that the wave propagation behavior is sensi-
tive to the properties of the material surface. It has
been pointed out that,5–7 when the residual stress is
absent in a plane boundary, the equations of the lin-
earized GM theory coincide with the lowest-order ef-
fective boundary conditions of a thin layer deposited
on an elastic body, provided that the surface mate-
rial constants in the GM theory are properly deﬁned
through the conventional material constants of the thin
layer. The idea of eﬀective boundary conditions was
suggested initially by Mindlin8 and applied comprehen-
sively to wave propagation problems by Tiersten.9 The
Mindlin-Tiersten theory (or MT theory for brevity) is
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established by expanding the ﬁeld variables in the thin
layer as powers of the thickness coordinate, and equa-
tions for various orders thus can be derived by appro-
priate truncations and corrections. Closely related to
the MT theory are the ﬁrst-order eﬀective boundary
conditions obtained by Rokhlin and Wang, who used
the asymptotic expressions of reﬂection and transmis-
sion coeﬃcients for the problem of wave propagation
along an isotropic interface between two solids.10 Tay-
lor series expansion method has also been employed to
obtain the ﬁrst-order eﬀective boundary conditions for
a curved interface,11 as well as the second-order ones
for an anisotropic coating12 or an interlayer.13 Recently,
Ting derived the n-th order eﬀective boundary condi-
tions for an anisotropic elastic layer attached perfectly
or imperfectly to a body; his derivation was for 2D prob-
lems for which the Stroh formalism was employed.14
The ﬁrst- and second-order eﬀective boundary condi-
tions for a thin piezoelectric layer have been obtained
by Johansson and Niklasson for 1D and 2D problems.15
Their work was later extended to the establishment of
a 2D theory of an arbitrary order for an elastic plate
attached with a thin piezoelectric layer.16 On the other
hand, Huang and Yu extended the GM theory to piezo-
electricity by counting the electric ﬁeld in the surface
energy density.17 Recently, a more physics-based the-
ory of surface piezoelectricity has been proposed, which
predicts the phenomenon of surface-induced polarity in-
version in thin dielectric nanotubes.18
In this paper, we will present a novel approach to
establish the theory of surface piezoelectricity without
any bias ﬁeld (e.g. residual stress), which can be trun-
cated up to an arbitrary order for a plane surface of a
3D piezoelectric body. The surface is modeled as a thin
piezoelectric layer which may be endowed with diﬀerent
material properties from the bulk material. The state-
space formalism is employed, which enables easy deriva-
tion of a transfer relation between the state vectors at
the top and bottom surfaces of the layer. The transfer
matrix, when expressed in terms of power series, natu-
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rally provides an asymptotic truncation scheme for the
eﬀective boundary conditions, which govern the motion
of the surface of a piezoelectric body. The proposed
theory can be conveniently used to study the surface
eﬀect in micro- or nano-sized piezoelectric structures or
devices.
We now illustrate the idea of establishing the sur-
face piezoelectricity by considering the propagation of
Bleustein-Gulyaev (BG) type wave19,20 in a piezoelec-
tric half-space (Fig. 1), which is poled in the y direction.
The surface of the half-space is assumed to occupy a thin
layer of small thickness h and with possibly diﬀerent
material properties. A right-handed Cartesian coordi-
nate system (x, y, z) is set up with the origin located on
the bottom surface and the z-axis pointing downward
into the body. Thus, the top plane surface of the layer
is coincident with the plane z = −h.
Fig. 1. Surface layer model of the plane boundary of a piezo-
electric body.
Denote the only nonzero displacement component
along the y direction by u, and the electric potential
by φ. Then, the governing equations for this anti-plane
problem are21
σxy = c44
∂u
∂x
+ e15
∂φ
∂x
, σyz = c44
∂u
∂z
+ e15
∂φ
∂z
,
Dx = e15
∂u
∂x
− ε11 ∂φ
∂x
, Dz = e15
∂u
∂z
− ε11 ∂φ
∂z
, (1)
∂σxy
∂x
+
∂σyz
∂z
= ρ
∂2u
∂t2
,
∂Dx
∂x
+
∂Dz
∂z
= 0, (2)
where σij and Di are the components of stress tensor
and electric displacement vector, respectively; c44, e15
and ε11 are the elastic, piezoelectric and dielectric con-
stants, respectively; and ρ is the mass density.
By choosing u, φ, σyz and Dz as the state variables
to compose a state space, from the constitutive equa-
tions (1) and the (dynamic/electric) equilibrium equa-
tions (2), we can obtain the following state equation
∂
∂z
{
u(z)
σz(z)
}
= M
{
u(z)
σz(z)
}
, (3)
where u = [u, φ]T and σz = [σyz, Dz]
T are the gen-
eralized displacement and stress vectors, respectively,
and
M =
[
0 A
B 0
]
=
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 0
ε11
α
e15
α
0 0
e15
α
−c44
α
ρ
∂2
∂t2
− c44 ∂
2
∂x2
−e15 ∂
2
∂x2
0 0
−e15 ∂
2
∂x2
ε11
∂2
∂x2
0 0
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(4)
is an operational matrix, with α = c44ε11 + e
2
15.
Although the explicit solution of the state Eq. (3)
can not be obtained at this stage since the matrix M
still contains diﬀerential operators ∂/∂x and ∂/∂t, its
formal solution with an operational interpretation may
be written as{
u(z)
σz(z)
}
= exp(Mz)
{
u(0)
σz(0)
}
, (5)
where we have treated the diﬀerential operators as usual
parameters.22 Setting z = −h in Eq. (5) leads to the
following transfer relation between the state vectors at
the bottom and top surfaces of the layer
{
us(−h)
σsz(−h)
}
= T s(−h)
{
us(0)
σsz(0)
}
, (6)
where the matrix exponential T s = exp(−M sh) (of or-
der 4×4) is known as the transfer matrix of the surface
layer, but here with an operational interpretation. Note
that a superscript s has been appended to those phys-
ical quantities associated with the layer occupying the
region −h ≤ z ≤ 0.
By assuming that the top surface of the layer is free
from surface traction and unelectroded, we can write
down the boundary conditions at z = −h as
σsz(−h) = σˆ = [0, Dfz (−h)]T, (7)
where Dfz = −ε0∂φf/∂z, with ε0 ≈ 8.854× 10−12 F/m
being the vacuum permittivity, and φf the electric po-
tential in the free space, which satisﬁes the Laplace
equation. In addition, we assume that the bonding be-
tween the surface layer and the bulk material is perfect.
Thus, we have the following continuity conditions at
z = 0
σsz(0) = σz(0), u
s(0) = u(0). (8)
Accordingly, the quantities here without the superscript
s belong to the bulk material (z ≥ 0).
Making use of the boundary conditions in Eq. (7)
and the continuity conditions in Eq. (8), we obtain from
Eq. (6)
T s21u(0) + T
s
22σz(0) = σˆ, (9)
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where T sij are the partitioned matrices (of order 2×2) of
the transfer matrix T s. Equation (9) gives in an exact
sense the diﬀerential relations between the generalized
displacements and stresses at z = 0. We now use the
following power series expression of the transfer matrix
T s = I −M sh+ 1
2
(M s)2h2 − · · ·+
(−1)n
n!
(M s)nhn +O(hn+1). (10)
By retaining the terms up to the ﬁrst-order of h in
the series only, from Eq. (9) we obtain
{
σyz(0)
Dz(0)
}
−
⎡
⎢⎢⎣
ρ˜s
∂2
∂t2
− c˜s44
∂2
∂x2
−e˜s15
∂2
∂x2
−e˜s15
∂2
∂x2
ε˜s11
∂2
∂x2
⎤
⎥⎥⎦ ·
{
u(0)
φ(0)
}
=
{
0
Dfz (−h)
}
, (11)
where ρ˜s = ρsh, c˜s44 = c
s
44h, e˜
s
15 = e
s
15h, and ε˜
s
11 = ε
s
11h
are the surface density, surface elastic modulus, surface
piezoelectric constant and surface dielectric constant,
respectively. They are just the scaled versions of those
of the surface layer. Equation (11) presents the gov-
erning equations for the ﬁrst-order theory of surface
piezoelectricity. It can be readily shown that, for the
degenerated case of an elastic thin layer (i.e. e˜s15 = 0),
the above equation is identical to the linearized GM
theory for the anti-plane problem without involving the
residual stress.
Besides Eq. (11), we can also derive
{
us(−h)
φs(−h)
}
=
{
u(0)
φ(0)
}
−
⎡
⎢⎣
ε˜s11
αs
e˜s15
αs
e˜s15
αs
− c˜
s
44
αs
⎤
⎥⎦
{
σyz(0)
Dz(0)
}
, (12)
which can be used to determine the generalized displace-
ments at the top surface of the layer. It should be noted
that, in the GM theory, there will be no diﬀerence be-
tween the displacements at the top and bottom surfaces,
and the second term in Eq. (12) will not present.
If terms up to the second-order are retained, then
we can obtain the equations for the second-order theory
of surface piezoelectricity. In fact, governing equations
for an arbitrary order can be readily deduced by appro-
priately truncating the series in Eq. (10). In addition,
when boundary conditions other than those in Eq. (7)
are imposed on the top surface of the surface layer, we
also can obtain the corresponding governing equations
for the surface piezoelectricity.
For the BG type wave, we assume the following pos-
sible solution in the half-space (z ≥ 0)21
u = Ae−kzzei(kxx−ωt),
φ =
(
Be−kxz +
e15
ε11
Ae−kzz
)
ei(kxx−ωt),
σyz = −(c¯Akze−kzz + e15Bkxe−kxz)ei(kxx−ωt),
Dz = ε11Bkxe
−kxzei(kxx−ωt), (13)
where A and B are undetermined constants; c¯ = α/ε11;
ω is the circular frequency; kx and kz are wave numbers
in the x- and z-directions, respectively. The kz should
be positive for the decaying behavior away from the
surface, and we can obtain k2z = k
2
x− ρω2/c¯ > 0 so that
the solution (13) satisﬁes the governing Eqs. (1) and (2)
for the bulk material. Accordingly, we have for the free
space (z ≤ −h)
φf = Cekx(z+h)ei(kxx−ωt),
Dfz = −ε0kxCekx(z+h)ei(kxx−ωt), (14)
where C is another undetermined constant. Making use
of Eqs. (12)–(14), we obtain from Eq. (11) as well as the
continuity of electric potential φs(−h) = φf (−h)
(c¯kzA+ e15kxB)− ρ˜sω2A+ c˜s44k2xA+
e˜s15k
2
x
(
B +
e15
ε11
A
)
= 0,
ε11kxB − e˜s15k2xA+ ε˜s11k2x
(
B +
e15
ε11
A
)
= −ε0kxC,
B +
e15
ε11
A+
e˜s15
αs
(c¯kzA+ e15kxB) +
c˜s44
αs
ε11kxB = C.
(15)
For non-trivial solutions, the determinant of the above
set of algebraic equations should be zero
∣∣∣∣∣∣∣∣∣∣∣∣∣
c¯kz − ρ˜sω2 + c˜s44k2x + e˜s15k2x
e15
ε11
e15kx + e˜
s
15k
2
x 0(
−e˜s15 + ε˜s11
e15
ε11
)
kx ε11 + ε˜
s
11kx ε0
e15
ε11
+
e˜s15
αs
c¯kz 1 +
(
e˜s15e15
αs
+
c˜s44ε11
αs
)
kx −1
∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0. (16)
This is the characteristic equation, which, along
with the relation k2z = k
2
x − ρω2/c¯, speciﬁes the wave
spectrum which relates the circular frequency (ω) or
phase velocity (v = ω/kx) with the wave number kx.
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We can see that, by setting the surface parameters (with
superscript s) zero, the classical result of the BG wave
can be recovered.
For numerical calculation, we consider a PZT-4
half-space, for which c44 = 25.6 × 109 N/m2, e15 =
12.7 C/m2, ε11 = 646.4 × 10−11 F/m, and ρ =
7 500 kg/m3. To study the surface eﬀect, we artiﬁcially
assume a surface layer of thickness 2 mm, which has ma-
terial properties cs44 = r1c44, e
s
15 = r1e15, ε
s
11 = r1ε11,
and ρs = r2ρ, with r1 and r2 being two scaling factors.
Figure 2 depicts the phase velocity spectrum, where the
dimensionless phase velocity V and wave number χ are
deﬁned respectively as V = v/v0 and χ = kxH, with
v0 =
√
c44/ρ and H = 1 m. As we can see that, when
there is no surface eﬀect, the BG wave propagates at
a constant velocity, and hence is non-dispersive. If the
surface eﬀect is involved, then the wave is slightly dis-
persive, and becomes slower when the wave number in-
creases. In the calculation, we have taken r1 = 2 and
r2 = 20, which indicate a slow surface layer (i.e. v0 in
the layer is slower than that in the half-space). Thus,
the result presented in Fig. 2 is somehow reasonable due
to the softening eﬀect induced by the slower surface. If
a fast layer is considered, the BG type wave may be not
allowed. For example, if we take r1 = 10 and r2 = 2,
no solution except the trivial one (i.e. ω = kx = 0) can
be found from Eq. (16). This situation is quite similar
to the case of Love wave in an elastic layered system
consisting of an isotropic thin ﬁlm on an isotropic half-
space.23
Fig. 2. Phase velocity versus wave number. Solid line:
without surface eﬀect. Dotted line: with surface eﬀect (r1 =
2, r2 = 20).
In summary, we establish the theory of surface
piezoelectricity based on a simple surface layer model,
for which the state-space formalism is employed to de-
rive a transfer relation between the state vectors at the
top and bottom surfaces of the layer. The power series
expression of the transfer matrix facilitates the deriva-
tion of the governing equations for surface piezoelec-
tricity for an arbitrary order. We consider the BG type
wave to demonstrate the surface eﬀect. It is shown that
when the surface layer is fast, the BG wave may not
exist, while when the surface layer is slow, the phase
velocity of BG type wave slightly decreases with the
wave number.
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